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Abstract 

We study the quantum evolution in dimension three of a system composed by a test particle 
interacting with an environment made of harmonic oscillators. At time zero the test particle 
is described by a spherical wave, i.e. a highly correlated continuous superposition of states with 
well localized position and momentum, and the oscillators are in the ground state. Under suit- 
able assumptions on the physical parameters characterizing the model, we give an asymptotic 
expression of the solution of the Schrodinger equation of the system with an explicit control of 
the error. The result shows that the approximate expression of the wave function is the sum 
of two terms, orthogonal in L^(R^^^"'"^)) and describing rather different situations. 
In the first one all the oscillators remain in their ground state and the test particle is described 
by the free evolution of a slightly deformed spherical wave. 

The second one consists of a sum of N terms where in each term there is only one excited 
oscillator and the test particle is correspondingly described by the free evolution of a wave 
packet, well concentrated in position and momentum. Moreover the wave packet emerges from 
the excited oscillator with an average momentum parallel to the line joining the oscillator with 
the center of the initial spherical wave. Such wave packet represents a semiclassical state for 
the test particle, propagating along the corresponding classical trajectory. 
The main result of our analysis is to show how such a semiclassical state can be produced, 
starting from the original spherical wave, as a result of the interaction with the environment. 
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1. Introduction 

The analysis of the emergence of a classical behavior in a quantum system is a subject of 
interest not only from the conceptual but also from the applicative point of view. Indeed, for 
the correct behavior of any quantum device it is surely relevant to understand under which 
conditions genuine quantum effects, like interference or entanglement, are reduced or cancelled. 
It is widely accepted that a crucial classicality condition is obtained requiring that the Planck's 
constant h is small with respect to the typical action of the system. An important example 
where the classical behavior is recovered in the limit — )■ is the case of the evolution of 
a quantum particle initially described by a " semiclassical" state, e.g. a state with a suitable 
dependence on h like a WKB or a coherent state. A typical result in this context is that for 
^ — )■ the evolution is again given by a semiclassical state, propagating along the corresponding 
classical trajectories (see e.g. [R], |CR] ) . 

On the other hand, it is important to remark that in many interesting physical situations the 
initial state of the quantum system is a genuine quantum state, like a superposition state, and 
nevertheless the system exhibits a classical behavior during the evolution. In such cases the 
limit — )■ for the isolated system cannot help and the role of the quantum environment 
must be taken into account, according to the approach known as decoherence theory (see e.g. 
[GJKKSZ], |B(;.TKS] . [H]; for some rigorous resuhs see |AFFT] . [CCF] ). Roughly speaking, for 
such kind of physical situations one has to consider the Schrodinger equation for the "system 
+ environment" and one has to prove that, for appropriate values of the physical parameters 
characterizing system and environment, the system shows a classical behavior as a result of its 
interaction with the environment. 

In this paper we consider the case of the evolution of a quantum particle initially described by 
a spherical wave, i.e. a highly correlated continuous superposition of states with well localized 
position and momentum. Our aim is to show that a semiclassical wave packet for the particle, 
and therefore the propagation along a classical path, emerges as a result of the interaction with 
the environment. 

This kind of problem was already raised in the early days of Quantum Mechanics and it was 
discussed in a seminal paper by Mott in 1929 ([M]) in connection with a possible explanation of 
the linear tracks left by an a-particle in a cloud chamber (see also FigT| for a historical analysis 



of the problem). We recall that the a-particle is emitted by a radioactive source in the form of 
a spherical wave and then it interacts with the atoms of the vapor filling the device. If an atom 
is excited then the amplified effect of the excitation is observed. As a matter of fact, in the 
experiment one observes straight tracks, corresponding to the excitation of a sequence of many 
atoms whose positions are aligned with the center of the spherical wave. The observed track 
is regarded as the experimental manifestation of the "classical trajectory" of the a-particle. 
From the point of view of a theoretical description, the non trivial problem arises to explain 
how a spherical wave can produce the observed classical trajectory. In Mott's paper an answer 
is given considering a model of environment made of only two atoms. At a physical level of 
rigor, it is shown that the probability that both atoms are excited is negligible unless the two 
atoms are aligned with the center of the spherical wave. The approach is based on second order 
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perturbation theory for the stationary Schrodinger equation and a repeated use of stationary 
phase arguments (we refer to |DFT] for an attempt to revisit Mott's approach in a fully time 
dependent setting and to jFinT] for a detailed analysis of a simpler one dimensional model). 
Here we consider a more general quantum system in made of a test particle, initially de- 
scribed by a spherical wave centered in the origin, interacting with harmonic oscillators, 
initially placed in their ground state. The aim is to study the evolution of the whole system 
after the interaction of the test particle with each oscillator has taken place. More precisely, 
we introduce a set of assumptions on the physical parameters characterizing the system, col- 
lectively described by a small parameter e > 0, and we give an asymptotic expression for the 
solution of the Schrodinger equation up to order with an explicit control of the error. 
Roughly speaking, the result shows that the probability that more than one oscillator is excited 
is negligible and therefore the evolution of the system can be decomposed in only two rather 
different "histories". In the first one the oscillators remain in their ground state and the test 
particle is described by the free evolution of a (slightly deformed) spherical wave. The second 
history consists of a sum of N terms where in each term there is only one excited oscillator. 
Here the test particle is correspondingly described by the free evolution of a wave packet, well 
concentrated in position and momentum, emerging from the excited oscillator with an average 
momentum parallel to the line joining the origin with the oscillator. 

Such wave packet represents a semiclassical state for the test particle, propagating along the 

corresponding classical trajectory (the straight track observed in the cloud chamber). 

We stress that the main result of our analysis is to show how such a semiclassical state can 

be produced, starting from the original spherical wave, as a result of an interaction with the 

environment. Moreover we emphasize that the interaction with the environment is entirely 

described in terms of the Schrodinger dynamics without any recourse to wave packet collapse 

rule. 

The paper is organized as follows. 

In section 2 we give a detailed description of the model and we formulate our main result 
(theorem l2.ip . In section 3 we describe the line of the proof and we formulate some intermediate 
results required to conclude the proof of theorem 12.11 In sections 4, 5, 6, 7, 8 we give a proof 
of the above mentioned intermediate results. 

For the convenience of the reader, we collect here some of the most used notation in the paper. 

- X = {xi,X2,Xs) is a vector in M^, \x\ the euclidean norm and x = the corresponding unit 

vector. The scalar product in is a? ■ y. 

- n = {ni^ n2, n^) is a vector in and, with an abuse of notation, \n\ = rii + n2 + n^. 

- {x) = (1 + \x\y'^, xeM.^ and {y) = (1 + ?/2)i/2^ ^ g R. 

- II ■ II, (■, ■) are the norm and the scalar product in L^(M^*^^+^'') respectively. 

- II ■ ||lp, P > 0, is the norm in 

Lp(M3) and (-, ■) the scalar product in L'^{M?'). 

- The derivative of a function / defined in is denoted by 
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for a e and \a\ = ai + a2 + 03. 

- W^'^{M.^), n e N, s > 0, is the weighted Sobolev space equipped with the norm 

WfWwy- E jdx{xY\D^f{x)\ 

a,|a|<n 

- / is the Fourier transform of /. 

- We shall use the following abbreviations for sums and products 

00 A'' 

E n- n 

- During the proofs we shall often denote by c, a generic positive constant, possibly dependent 
on the integer k. 



2. Description of the model and main result 

Let us consider a non relativistic quantum system made ol N + 1 spinless particles in dimension 
three, where one test particle has mass M and the remaining particles with mass m are bound 
by a harmonic potential of frequency u around the equilibrium positions ai, . . . ,aAr. In the 
model, the test particle plays the role of the a-particle while the harmonic oscillators play 
the role of electrons in a simplified version of model-atoms with fixed nuclei. The interaction 
between the test particle and the j-th harmonic oscillator is described by a smooth two body 
potential V . Wc denote by R the position coordinate of the test particle and by ri, . . . , tat the 
position coordinates of the harmonic oscillators. Therefore the Hamiltonian of the system in 
L2(M3(Af+i)) is given by 

N 

H^Ho + Xj2Vj (2-1) 

where 

^ ^2 1 

Ho^ho + J2 ^0 = -^Ah, hj = -^^rj + ^muj^irj - ajf (2.2) 

A > is a coupling constant and Vj is the multiplication operator by 

Vj{R,rj)^V{S-\R-rj)), S>0 (2.3) 

We are interested in the evolution of the system when the initial state is given in the product 
form 

N 

^o{R, r-i, . . . , rjv) = ip{R) n ^oArj) (2-4) 
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where V^(-R) is a spherical wave centered in the origin and fo.jifj) is the ground state of the 
harmonic oscillator centered in aj. More precisely the spherical wave is given by 

^{R) =Af f{a-'R) [ diie'^^-^ (2.5) 

where A/" is a normalization constant, a,VQ > 0, / belongs to the Schwartz space iS(M^) with 
II /II 2,2 = 1 and it is rotationally invariant. For the sake of concreteness we choose 

f{x) = vr-^/^e-^ (2.6) 

but it will be clear in the following that the result of our analysis is independent of the specific 
choice of /. Formula (12. 5 p defines a spherical wave concentrated in position around the origin 
with an isotropic momentum Mvq- Moreover, for the eigenf unctions of the harmonic oscillators, 
we denote n = (ni, 712,113) e and 



^njir) = ipnir - aj) = 7 ^/^0„(7 \r - a^)), 7 = \ — (2.7) 
(j)n{x) = 0„i(xi)0„2(a;2)0n3(a;3) (2-8) 

where (pn^. is the Hermite function of order n^. In particular the ground state corresponds to 
n = Q= (0,0,0). 

In this generality, it is surely too hard to obtain a detailed description of the evolution of the 
system. We shall limit ourselves to consider an appropriate scaling limit and to derive an 
approximate evolution with an explicit control of the error. More precisely, we introduce a 
small parameter e > and fix 

h=e^ M = l a = e m = e uj = e'^ 6 = e X = (2.9) 

Under this scaling the Hamiltonian becomes 

H' = H^ + e^V' (2.10) 



where 



N 



HI = hl + Y, h). hi = --An, = e-' 



A^. + -(r.i - a,-)^ 



(2.11) 



and 
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The rescaled initial state of the system is 



N 



%iR, n, . . . , rr,) = r{R) n VW^) (2-13) 



i=i 



r{R) = ^ / {e-^R) ^ rfue;^^«'^-^ (2.14) 

^IM^) = - %)) R^^' (2-15) 

By a direct computation one sees that the normalization constant A4 for e — )■ reduces to 

A/-0 = ^ (2.16) 
We notice that under this scaling the energy levels of each harmonic oscillator are 

En=^(H + 7:]^ \n\=ni + n2 + n3 (2.17) 



2^ 

Furthermore we introduce the following assumptions: 

(A) The Fourier transform V of the interaction potential V belongs to the weighted Soholev 
space Wt'^{M?). 

(B) The positions of the oscillators ai, . . . , a^v satisfy the two conditions: 
|ai|<|a2|<...<| ciAr I and ttj • 7^ | ttj 1 1 | , i ^ j ■ 

We notice that under assumption (A) the Hamiltonian is surely self-adjoint and bounded 
from below (in fact much less is required). In particular this implies that the unitary evolution of 
the system is well defined for any time t. Assumption (A) is also crucial for our specific method 
of proof, based on repeated integrations by parts in highly oscillatory integrals. Furthermore 
assumption (B) is a technical ingredient useful for the proof. 

We stress that our model is completely defined by the Hamiltonian fl2.10p . the initial state 
(I2.13P and the assumptions (A), (B). Before approaching the evolution problem, we briefly 
comment on the physical meaning of our scaling for e — )■ 0. 
We first observe that the dimensionless quantity 

h 

T7 2.18 

Mvoa 

is of oder e, which means that the wavelength associated to the a-particle is much smaller 
than the spatial localization a (high momentum regime). Analogously for any j = 1, . . . , iV the 
quantities 

I ttj I I a j I \aj\ 

are of order £, i.e. the spatial localization of the test particle, the "diameter" of the oscillators 
and the range of the interaction are much smaller than the macroscopic distance \cij\. 
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Moreover we notice that the energy levels of the oscillators ^(|n| + 3/2) are of order e and the 
coupling constant A is of order while the kinetic energy of the test particle is of order one 
for £ — )■ 0. This guarantees that the energy loss for the test particle due to the interaction with 
an oscillator is very small (quasi-elastic regime) and the perturbative approach can be used. 
Finally it is interesting to compare the characteristic times of the system. In particular we define 
the classical flight times for j = 1, . . . , A?" as the time spent by a classical particle, starting from 
the origin with velocity Vq, to reach the oscillator in 



the "period" of the oscillators 



T, = (2.20) 

To^— (2.21) 

and the transit time, i.e. the time spent by the test particle to travel the diameter of an 
oscillator 

Tt^- (2.22) 

^^0 



It turns out that 

Tt 



0(1) (2.23) 



i.e. the test particle can "see" the internal structure of the oscillators and 

Tt 



^3 



= 0{e) (2.24) 

which imphes that tj can be reasonably identified as the coUision time of the test particle with 
the oscillator in aj. 

We are now ready to study the solution of the Schrodinger equation with initial datum 

U%t)%, U%t) = e-'^"' (2.25) 



for t > tn, i.e. for a fixed time t sufficiently large so that all collisions of the test particle 
with the oscillators have taken place. In particular we shall perform a perturbative analysis 
computing the first correction for £ — > to the free evolution of the system 

W^mi, U^{t) = e-'Mo (2.26) 

In order to formulate our main result, it is convenient to introduce the following definition. 

Definition 2.1. Let P? — Pj{R, Vi, . . . , r^r) be the following function 

P^{R, r,,...,r^) = J2 PnAR) ^Ijirj) H ^o,k{rk) (2.27) 
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where P^j is the wave packet for the test particle given by 



21,J 



- ^3/2 -^rL,] 



R 



{aj-R)aj 



j\n\Tj+i 



V 



\n\Ti 



^0 



\n\ 



(2.28) 
(2.29) 

(2.30) 
(2.31) 
(2.32) 



We underline that the wave packet P^j plays a crucial role in our analysis. It is written as the 
product of two different wave packets. The first one is a function of the two dimensional vector 
R —{aj-R)aj, orthogonal to the direction of the j-th oscillator aj, and it is well concentrated 
in position and momentum around the origin for e — )■ 0. The second one is a one- dimensional 
gaussian wave packet in the variable aj ■ R, i.e. a coordinate along the direction of the j-th 
oscillator aj. For e — )■ such wave packet is well concentrated in position around Z^j and in 
momentum around V^. 

With the notation introduced in definition 12. 1^ we state our main result. 

Theorem 2.1. Let us assume {A), {B). Then for any t > tn there exists C{t) > such that 



N 



where 



w{t)n = mm + e'j2m)P! + 

\\S%t)\\ < C{t) ~ 



w, 



4,1 e" 



(2.33) 
(2.34) 



Let us conclude this section with few comments. Theorem 12 . 1 [ provides the required approximate 
dynamics of the system for e small. Using the expressions for the free propagator UQ{t), the 
initial state \E'q and the functions Pj, formula fl2.33p can be rewritten as 

{U%t)%) {R,r^,...,r^) 



-i-hjNEf, 
e 12 



N 

[e-'-'T^^H^^ {R)+e'J2{^~'^''"PL) (^) 

i=i 



N 



k=l 



N 



j=l n^O k,ky^j 



(2.35) 
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In the above formula the approximate wave function of the system has been written as the 
sum of two terms (or histories). In the first one all oscillators remain in their ground state and 
the test particle is described by the free evolution of the spherical wave slightly deformed by 
the free evolution of the small wave packets Pqj, j = 1, . . . ,N emerging from each oscillator. 
The second term is a sum over j, j = 1,. . . ,N, where, in each term of the sum, one has 
only one oscillator in an excited state (say the j-th oscillator) and correspondingly the test 
particle described by the free evolution of the small wave packet Pnj,R^Q., emerging from 
the excited oscillator. We recall that the small wave packet emerging from the j-th oscillator 
is well concentrated in position and momentum. Therefore, under free evolution, it propagates 
along the direction aj with momentum V^. We also notice that, for each j, the wave packet Pq j 
is produced by an elastic collision between the test particle (with momentum vo) and the j-th 
oscillator and therefore its momentum is unaffected (Vq = fo). On the other hand, the wave 
packet PnjiH^^i is produced by an inelastic collision with energy loss AE = e\n\. Therefore, 
by the conservation of energy, its momentum is correctly given by at first order in e. 
Finally, in order to make more transparent the structure of the wave packet emerging from an 
excited oscillator, we give an explicit computation in a specific case. In particular we consider 
the case of the oscillator in ai excited to the state labeled by n where, without loss of generality, 
we choose di = (0,0,1). Moreover we denote R = {X,Y,Z) and use the shorthand notation 
C = A{X,Y) = AnAX,Y,0), = Z^i, V" = V^. Then the wave packet P^^ is 

factorized into a function of the variables {X,Y), depending on the product V- (pn'Poi and a 
gaussian in the variable Z 

Pl^iX,Y,Z) = ^ Ais~'X,e-'Y) e'^^^'^' (2.36) 

with 

\\PnJh = \C'\^ JdXdY \AiX,Y)\^ (2.37) 

From 02.36 p . fl2.37p one easily computes mean value and standard deviation for the position. 
In particular one finds that {X), (Y), (Z), AX, AY, AZ are all 0{e). In the Fourier space 
one has 

P^^,{K^,Ky,K,) = e'l'C^A{eK^,eKy) e-4(^-vv.^)^-.^^i..+^^^v^ ^2.38) 

Therefore for the mean value of the momentum one has (P^.) = 0{£), (Py) = 0{6), (P^) = 

= f + 0{e), while for the standard deviation one finds that AP^, APy, AP^ are all 0{e). 
The free evolution of the wave packet is also factorized into a free evolution of its part de- 
pendent on the variables (X, Y) and the free evolution of the gaussian part dependent on Z. 
Therefore, from the above computations, one can conclude that, for t not too large, the wave 
packet remains well concentrated in position and momentum and it propagates along the Z-axis 
with momentum approximately given by Vq. This means that for t = Ti the wave packet is 
concentrated around the oscillator in ai and for t > xi it will continues its propagation along 
the Z-axis. 
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3. Line of the proof 



The proof of theorem 12.11 requires some intermediate results. In this section we describe the 
hne of reasoning, we state without proof such intermediate results and we finally conclude with 
the proof of the theorem. The proof of the intermediate results will be given in sections 4, 5, 
6, 7, 8. We start with Duhamel's formula to represent the solution of the Schrodinger equation 

U%t)% = U^{t)% -i f dsW{t-s) V'Wq{s)% (3.1 

Jo 

Iterating twice we obtain 



+ TV{t)=um 



N 



dsW^{-s)V'Ul{s) 



where we have denoted 

r{t) = 

m) = 

TV it) = u^{t)r{t)% -i ! dsW{t-s) v'w^{s)r{s)% 

Jo 

r(t) = - [dsf daW^{-s)V'W^{s)Ul{-a)V'Ul{a) 
Jo Jo 

In order to isolate the dominant term in /|(t)\E'Q for £ — )■ it is convenient to introduce some 
further notation. Let us consider the rotation matrix TZj, j = 1 

TljCij = (0, 0, 1) 

and the angle 

00 = \ min {djk, tt} , djk = cos"^ (aj ■ at) 



+ TV{t) (3.2 

(3.3 
(3.4 
(3.5 
(3.6 



iV, defined by the condition 

(3.7 



(3.^ 



Furthermore we introduce the following two portions of the unit sphere S"^ around the unit 
vectors (0,0, 1) and CLj respectively 



Cq = [u e S"^ \ul + ul< sin^ 6'o} 

Cj = TZjCo = {lie \ ijlju)\ + ijlju)l < sin^ ^o} 



(3.9 
(3.10 



We notice that Cj fl = 0, for j ^ k; moreover cij G Cj and ^ Cj for j ^ k. Exploiting the 
above notation, we can define the "portion around a^" of the initial spherical wave 

^^(i2) = :^n{e~'R) [ diiei^''"'''^ (3.11) 



£5/2 
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and correspondingly 

N 

^l^{R,n, - ■ ■ ,r^) = ^P^^{R)l[^l,{n) (3.12) 

k=l 

The portion of spherical wave defined in fl3.11l) has the following property: its classical evolution 
will hit the oscillator in aj and it will not hit the remaining oscillators in a^, for k ^ j. Taking 
into account definition fl3.12p . we rewrite fl3.2p as follows 



N 



N 



+ Y.^mm {% - *o.) + T^'it) (3-13) 



The problem is now reduced to the analysis of the r.h.s. of (13.131) for £ — 0. In particular, in 



order to prove theorem 12.11 we have to show that PAt)'^^, = e^P^ + 0{e^) and also that the 



last two terms of (I3.13P are 0{e^). 
The first step is to obtain a good representation of the relevant objects /J(t)\E'Q /J(t)(\l'Q— \E'oj) 
and J^(t)\l/Q. This is done in section 4, where for each object we perform an expansion in series 
of the eigenfunctions of the harmonic oscillators and the coefficients of the expansion are written 
as highly oscillatory integrals. Such representation formulas allow to exploit stationary and non 
stationary phase methods to characterize the asymptotic behavior of each object for e — »■ ([Fj. 



|BH] ). In the case of /J(t)\E'Qj, it turns out that the phase in the oscillatory integral has exactly 
one, non degenerate, critical point in the integration region if t > Tj. This is the crucial 
ingredient to prove 

Proposition 3.1. Let us assume [A], (B). Then for any t > tj there exists C^{t) > such 
that 

i^mh = + ^.'w (3-14) 

where is given in definition \2.1\ and 





\\Q%t)\\<C\t)\V\\^.,e' (3.15) 

We shall prove decomposition (I3.14p . with an explicit expression for Qj{t), in section 5, while 
the estimate (13.151) is proved in section 6. 

For the estimate of /J(i:)(^Q — ^o,i) exploits the fact that the corresponding phase in the 
oscillatory integral does not have critical points in the integration region. Therefore, by non 
stationary phase methods, in section 7 we prove the following proposition. 

Proposition 3.2. Let us assume V & W^'^iM.^), k G N, and (B). Then for any t > there 
exists Cl(t) > such that 

||/J(t) (M/g - M/^o,) II < Clit) \\V\\^., e'-' (3.16) 

The estimate of the rest TZ'^it) is reduced to the estimate of J^(t)\l/o. Exploiting the represen- 
tation given in section 4, in section 8 we prove 
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Proposition 3.3. Let us assume (A), (B). Then for any t > there exists C^{t) > such that 



\n%t)\\ < {l + t\\V\\Loo)snp\\J'{s)%\\ <C\t) (l + t\\V\\Loo)\\V\\^..ie' (3.17) 



Collecting together the results stated in the above propositions we are in position to prove our 
main result. 

Proof of theorem \2.1\ The proof follows from formula fl3.13[l . proposition 13. estimate (13.161) 
for = 4 and estimate (I3.17p . □ 



4. Representation formulas 

In this section we derive useful representation formulas for the relevant objects J|(t) \E'oj, 
I^{t){^Q — '^Qj) and J'^{t)^>Q. In particular we perform an expansion in eigenfunctions of the 
harmonic oscillators and we represent the corresponding Fourier coefficients as highly oscillatory 
integrals. Indeed, in terms of the rescaled variable 

x = - (4.1) 
e 

we have 

Proposition 4.1. For any £ > 0, ri G N'^ and j = 1,...,N the following representation 
formulas hold 



where 



11^, x) = --^ jdsjd^jdu F„(|, s; x) e7*..,.«'^.-;-) (4.3) 

F^it s; x) = e'«-^+^t«'<7„,o(C) f{x + s ^) (4.4) 

gn,n,{^) = Mrnimi^) (4-5) 

*rij(^, s, ii; x) = ■ aj + vq ii ■ {x + s ^) + \n\s (4.6) 

and 

{I^mn - n,^)) {ex, n, . . . , r^) = 5^ IJJt, x)ipl^{r,) n vU^'d, (4.7) 
where 7~^„ differs from Xj ^ only for the integration region, i.e. Cj is replaced by S'^\Cj. 
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Proof. We shall first give the representation formula for JJ(t)\l/Q. From the definition f l3.4p of 
Ij{t) we have that 

Jdr,... dvN ■ ■ ■ ^'n^,NirN) {l-{t)%) {R,r,,..., r^) 

= -I Jds ^7^^k+-+^7^^k.-^7^^o--^7^E^ jdr,... dr^ ^l^^,{r,) • ■ ■ ^^^,^(r^) 

= n '^^i.-o A P^^- [e'T^^W^e-'T^^H'^l) {R, r,) (4.8) 

Therefore 

(/;(i)^^o) (R. ru..., r^) = Y^^lrP^ RM^r,) H ^Ikirk), (4.9) 

where 



2^, Jt, ^) = - 




(4.10) 



For the scalar product in L^(M'^) appearing in the integrand in fl4.10p we have 

{^Ir V,'^yiR) = ;^/^^^- U^'\^,- a,))Vie-\R - r,))M^-\r,~ a,)) 

= I dx^r,{x)4>oJx)v(^^-^-x^ = I rf|53o(OV^(Oe^^-^''-'^^^ 

= I rf^^7^,o(^)e^«-(^-"^) (4.11) 

hence 

Ilnit,R) = -ij^ds e'i^''^ jd^gndiy--^^""' (e'^'^^e^^'^ ^e-^^'^oV^^) (il) (4.12) 
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where ee^ '--' denotes the muhiphcation operator {es^'^'^g){R) = es^'^g(R). Furthermore for 
any g G L^(]R^) we have 



= e''^e'i-^g{R + es^) (4.13) 
Using f Hiajl in ( KT2\i we have 

Xl^{t,R) = -ij^dsjdig^,,{i)^^ ' h%R + es^) (4.14) 

Substituting the exphcit expression of in (14.141) one obtains the required representation of 
/J(t)\l/Q. The representation for JJ(t)\l/Qj and /J(t)(\l/Q — ^oj) obtained replacing in (14.141) 
ijj^ with 'j/'l and ~ respectively. □ 

Proposition 4.2. For any e > 0, n,m E N"^ and k,l = 1,...,N we have the following 
representation formula 

N N 
k,l=l k=l 

Jhit) = - fds fda U^{-s)V^U^{sM{-aMW,{a) , Jl(t) ^ Jl,{t) (4.16) 
Jo Jo 

[JUtWo) (ea.,n,...,r^) = ^ ^i^f H ^o.(n) (4.18) 

n,m i,ij^k,l 
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where 





ds da d^ dri dii Ln,m{$„r},s,a;x) e 



S2 



(4.19) 



r5/2 




'0 








ds / da d$ dr] dii Gn,rnit r), s, a; x) ei0^:k(er?,s,a,u;a,) ^4 20) 



S2 



Ln,rn{^, V, S, a] x) = 6 

Gn,m{$., s, a; x) = e 



gn,m{v)9rnd^) f + a ^ + S f]) (4.21) 

^(^+^^-^+^^^^'+^^')+^^^%,o(r7)^7™,o(^) fix + a^ + sri) (4.22) 
^n,rni^^'n,s,a,u; x)= -(| + T7)- ttfe + vqU- {x + a$, + s'q) + (|?2|-|m|)s + \m\a (4.23) 
©n'm(C) 'H^ s,a,u;x) = ■ ai - rj ■ at + Voii ■ {x + a^ + s rj) + \n\s + |m|(T (4.24) 

The proof proceeds along the same hne of the previous one and it is omitted for the sake of 
brevity. 



5. Derivation of the leading term 



In this section we analyze the term Ij{t)'^lj. In particular, we shall prove decomposition fl3.14p . 
with an explicit expression for Q^j{t). We start from formulas 04.21) . (14.31) proved in proposition 
14.11 In particular, by the change of variables ^ — )■ TZj^, it — )■ TZjii, with TZj defined in (13. 7p . we 
obtain 




where 



^ ds d^ dii •(^, s; x) e 



u= \iJ,,iy, a/1 - /i^ - z/2 



Therefore the integral (15. ip is rewritten as 



£5/2 



Id^ ds diidp ,(|, /i, z/, s; a;) e?*L («''^'^'^;") 



(5.1) 



F°^.(^, s- x) ^ Fjn-^'t s; x) = e^«-^+^2« g^^,{nj'0 f{x^ + s (5.2) 

^l^^it s, ii; x) = $„J(7^-l|, s, nj'ii; x) = -la.Ks + VoU- (x^ + s ^) + \n\s (5.3) 

x^ = TZjX (5.4) 

Notice that 

x| = (0, 0, 1) ■ TZjX = CLj ■ X (5.5) 

{x{, X2-, 0) = x^ — {cLj ■ x){0, 0, 1) = TZj {x — [cbj ■ x)aj) (5.6) 

Moreover we parametrize the unit vector n G Co as follows 

, (/i,z/) G Do = {(a, 6) G M^ + 6^ < sin^^o} (5.7) 



(5.8) 
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where 



2-Z/2 



(5.9) 



(5.10) 



By a straightforward computation one can verify that the phase has exactly one (non 
degenerate) critical point in the integration region given by ^ = (/i, s) = z'^, where 



r = {-^j -Tj ^xi, -t^o VI) 



(0,0, r,) 



(5.11) 



Therefore by stationary phase methods we can compute the asymptotic expansion of the oscil- 
latory integral for e — )■ 0. In the specific case, we can exploit the linearity of the phase in the 
variable $, to obtain the expansion in a relatively direct way. In particular we write 



Aj(/i, U, s) = Vq (^flS, us, V^l — /i^ — z/2 S — Tj^ 

BnjifJ', U, S; x) = Vox{fl + Voxiu + foX^A/l— /i^ — zy2 _|_ 



(5.12) 
(5.13) 
(5.14) 



and 



/L/(i/irfi/e^^^-^(™") /(i^F^^^.(C,/i,z/,s;a;) e^^^-^'^'"'^)-^ (5.15) 

'0 Jdo 



r5/2 



Let us introduce the following linear change of coordinates 

(/i, z/, s) = L^{zi, Z2, Z3) = L^z 

e € e 

fl = Zi, V = Z2, S = Tj ^ Z3 

VoTj VoTj Vq 



(5.16) 

(5.17) 



The domain of integration in the variable z is 

= [z e \ zl + zl < e'^fo^f sin^ 6^0, -e'^VoTj < < e^'^Vo{t - tj)] (5.18) 

We notice that for £ — )■ one has L^z — )■ z'^, and — ?■ M.^. In the new integration variables z 
the integral (15.151) reads 

F^^{t,x) = -^^^^ [dz ei^--(^^-^-)/"d^ F^.{tL,z;x) eM^(^^^)-^ (5.19) 
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Let us expand Aj{L^z) and Bn.jiL^z] x) around e = 



Aj{LeZ) = £21 H ^1^3, £^2^2 H ^223,^^3 + W 1 2^(2^1 + ^2) ^ 1 (^07-j + £^3) 



ez + 



VoTj 



Z1Z3 Z2Z3 
VoTj ' f or,- 



ez + e'^A^ 



(5.20) 
(5.21) 



BnjiL^Z] x) = voxi + \n\Tj + e—zi + e—Z2 + e—z^ + vox^ ( W 1 T^izf + z"^) - 1 



^0 \ V vd'^j 



= vo cij ■ X + \n\Tj — e z + e Bj^^{z; x) 



(5.22) 
(5.23) 



where we have used = (0, 0, 1) - TZjX = ayx and (15. lip . Correspondingly, the integral ( I5.19P 
can be written as 



VoTj Jq^ J 



(^) 



\2ixfFl^{^\z^-x) + QlJt.^) 



(5.24) 



where 



,^^W£g|Ka,-a,+|n|r,) 



/ dze''^'-^Ue'^<Fl^{tz^-x) 



2''; as' 



(5.25) 



Let us compute j(^'^, 2;^^; as) (see (15. 9p ). Taking into account that z'' = (0, 0, tj) and 

C= -T-\xi,xi,0) - \n\vo\0,0, 1)= -Tj^TZj{x - {aj ■ x)aj) - \n\vo^njaj (5.26) 



we have 



FUe,z'^;x) = e 



-7-(a;-(aj-a;)aj) 



2 'J 



2 , 



^9n,j {-Tj ^{x - {ayx)aj) - \n\vQ ^aj) 



■x — \n\v, 



l^l^'^i Inl ^ \x — (a^ic)a^\'^ 

" L(J . -a; — J ^ 



e ""0 



^(^ - l^l^o / - l^-l^o ^^j) (5-27) 
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From (EMD, flH^ . flH:?r|) and definition O we obtain 

Xl^{t, x) = e'P^/ex) + Ql^it, x) (5.28) 

Taking into account of (15.281) and (14.21) . we liave proved tlie decomposition (I3.14p . witli Q'jit) 
explicitly given by 

Q'^it,x,r^,...,rM) = J^Qnjit^^) U </'o,fcK) (5.29) 

6. Estimate of Q^j{t) 

Let us first recall some elementary facts that will be used in this and in the following 
sections. The unitary propagator U{t) of the harmonic oscillator centered in the origin and 
corresponding toh = m = u = l has an integral kernel given by 

U{t, x,y) = J2 0n(a;)0„(y)e-**(l"l+t) (6.1) 

n 

Using such representation we can compute the following sum 

E^"^*^^-2(^)^n,o(r) = 

n 

^^(#(^')^ / dy'Mv^^^ I rfl/$^0„(?/)0n(y')e-^^Vo(?/)e-^^-^ = 



^(0^(^)^(00, e^^'-"f/(t/5)e-'^()0o) (6.2) 
In particular for t = one has 

2^ 9n,o{$.)9n,o{^ ) = X3 6 4 (6.3) 

n 

Let us now prove the estimate (13.151) . Taking into account of (5.29) and (5.25) we write 

Q'^m, X, n, . . . , rjv) = ^) + Qfnit, x)) cfl^ir,) n iplkirk), (6.4) 

n k, k^j 
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where 

Q',iit,x)= _!:^ei(-oa,-.+H.,) /■ dz e~^^'- Ue'^^Fl^i^ z^;x) (6.5) 
VoTj JK3\n^ J 

■ L,z- x)e'<^U-^-^^^U^^) - F^/t z^; x)) (6.6) 

and, from (5. 9), (5. 11), (5. 16), (5. 17), the exphcit expressions for F.^j{^, x) and F^ j{^, L^z; x) 
are given by 

FiAt L.z; X) = I e-^ ---^-^^^^-^^^,,,o(7^7^0 / [^^ + ^ + e'^A (6.7) 

3 



Fl^it z^- X) = e'^-^'+''^^'g^,o{nj'0 f {x^ + r, |) (6.8) 
From (16. 4p we have 

\\Q^^{t)r<2e'J2 J \QfrSt^^)\' + '^^'Yl j IC(^'^)r (6-9) 

n n 

Let us estimate the first term in the r.h.s of (16. 9p . Using (16. 5p and (16. 8p we have 
^ jdx \QfAt,x)\^ 

y2 [dx [ dz e-'^'-^[d$, e^^■«e^«■^^+^^«'^?„,o(7^7'^) / {x^ + r, ^) 

[ dz' e'^'-^' fd^' e-^^'■«'e-^«'■"'"^*^''^„,o(7^-'|') / {x' + |') 
= /^J\ f dz [ dz' [dxe-'^'<^-^'^ U /rf|'e^-«-'-«'e^(«-^')-^+^*(«'-«") 



■ V{nj'^) Vin.'O e-^f {x^ + r, C) / {x^ + r, (6.10) 
where the sum over n in (I6.10p has been exphcitly computed exploiting (16. 3p . Using the identity 



7,2 



e 



'^■^ = -^^^ e*^'^ = (6-11) 
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and integrating by parts we find 



J2[dx\Qf^{t,x)\' 

^ ' ^ ' m,|m|<4 21il"IS4 

■ 5^ E Aa.(x^ + r,|)^l4/(a.^ + r,OI(^^ + r,0^l4/(^^+r^^^^^ (6.12) 

fc,|fc|<4Z,|«|<4''^ 

Furthermore, in the last integral we apply the Schwartz inequality and we obtain 

Y.ldx\Qf^{t,x)f<c\\V\\l,, (^3^^ (6.13) 
where the last integral in fl6.13p has been explicitly computed. 

The next step is to estimate the second term in the r.h.s of (16.91) . We consider the Taylor 
expansion of the ^-dependent part of the integrand in (16. 6p up to order one. We have 

(6.14) 

where 

^^,(, e , . f^"'7"^-"" , r,, . A,, (6.15) 

Substituting f l6.14p into the second term in the r.h.s. of (16. 9p and computing the sum over n 
we obtain 



J2 ldx\Qf^{t,x) 



Ml 



'2 ^3 



fdz fdz' fdxe-'^'-^'-''^ fd$, fd^'e'^-^-'^'-^' Vinj'^) V{nj'^') 
Jn^ Jn^ J J J 



dd ^{^e, t z; x) / d^' ^{^'e, z'; x) (6.16) 
oe In OS 
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We can now proceed with integration by parts along the same hne of the previous case and we 
find the same kind of result 

J2 [dx\Q2lit,x)\'<c\\V\\l,,,,E' (6.17) 

Using the estimates fl6.13p . fl6.17p in (16. 9p we obtain the estimate (13.151) and therefore we also 
conclude the proof of proposition 13. 1[ 

□ 

7. NON STATIONARY TERMS 

For the estimate of the non stationary terms it will be useful the following technical lemma. 
Lemma 7.1. For any si, . . . , s;_i > 0, / > 1, let d,...,si_i • C be defined by 

C„...,s,_,(6,---Ii) = (0o,e*^'-(-)f/(s,_i)e-*^'-^-(-)f/(s^_2)---e-«-(-)f/(si) e''^^<-^o) (7.1) 

Then e C°°(M30 and for every a^, <Xi G there exists c^^,. independent of 

Si, . . . , such that the following estimate holds 

\ai\+---+\ai\ 

(7.2) 



The proof is a direct generalization of the proof of the one dimensional case given in lemma 3.1 
in |FinT] and it is omitted. Moreover by formula (16. 2p we have 



e 



E e-^^*^7^.0(^)fe0(^) = 7^ VmiO Ct/ei^, (7.3) 

Using these facts, in the following we prove proposition 13.21 

From the explicit expression of Tj^{t,x) given in proposition 14.11 we have 

ii/j(t) in-n,) f 

= e^V f dx \rUt,x)\^ = '^y2[dx [dsfd^f duFn{^,s;x) e?*ii.^(^'«'^'-) 
„ i ' ^ Jo J Js^\c, 

■ [ds'fd^'f rfti' J;(^',s» e-^*^'^(^''^''"''") (7.4) 
Jo J is2\Cj 

Taking into account the expression of F„ and $„j (see (14. 4p . (14. 5p . (14. 6p ) and formula (16. 2p . we 
compute the sum over n in (I7.4p 

\\lUt) {% - %j) f = [dx fds f ds' e'^^^''~'^ [ dii [ du' e^o(^-^')-" 

£ (27rj J Jq Jq Js^\Cj Js'^\Cj 



■jdi' jdi e-i*^(«' ^' -')ei*^«'^'-)G,(|, ^\ s, s'; x) (7.5) 
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where 



(7.6) 

s, w) = -yo ^ ■ (sn - TjCij) (7.7) 
Let us consider the last two oscillatory integrals in the variables in formula fl7.5p . We 



notice that 



(7i 



For u E S'^ \ Cj we have {7lju)s = a/1 — {TZju)\ — {TZjU)\ < co?,9q and therefore 
I V^^j 1^ > vl [s^ + - 2sTj cos 6*0) > min (s^ + rf - 2sTj cos 6*0) 
= v^rf sin^ Oq > v^t^ sin^ 60 = 



(7.9) 



Using the above inequality, we can estimate the two integrals in the variables ^, in (17.51) 
exploiting a non- stationary phase argument. With a repeated application k times of the identity 



a e 



Jb 



Vh 



i div I e* i^^a ] + ie^ div 



Vb 



(7.10) 



we have 



jd$, y"c/£'e^*^«'^•^'")e-^*^■(^''^'^■")G,(^,^^s,s';a;) = 



where 



and moreover 



We notice that 



Therefore 



i=i 



1 dQ 



u 



m,|m|=fc 



1 1 

< — 



iv^ei A 



(7.11) 

(7.12) 
(7.13) 

(7.14) 



^di jd^' Gei^, s, s'; a;)ei*^«'^'^)e-^*^(^'^'^) 

E E jd^ ld^'\Df'DfG,{t^',s,s';x] 



(7.15) 



m,\m\=k in' ,\m'\=k ' 



The next step is to estimate the derivatives of G^. From (17. 6p we have 
E E \Df'DfGM,^',s,s';x)\ 

Tn,\m,\=k rn/_,\m'\=k 

n,\n\<k L,\l\<k l',\l'\<k 

l_,\l\<k l',\l'\<k 

Pj\p\^^ P'y\p'\^^ 

where, in the last step, we have used lemma [7m Therefore 



L,\l\<k l',\l'\<k 

p^\p\li~k pMp'I:^^ 



Using (I7.17P in (17.51) we have 



l,\l\<k l',\l'\<k 



P,|p|<fc 



p',\p'\<k 



Finally we use the Schwartz inequality in the last integral and we obtain 



\i]mn-n,)r<ckt 



2fc+2||T/||2 ^2fc-2 



concluding the proof of the proposition 13.21 



24 



8. Estimate of the rest 
In this section we prove the proposition 13.31 From fl4.15p we have 

N N 



k,l=l 



k=l 



Let us estimate the first term in the r.h.s of ([HI]). Using fliTTSj) . (g^OD, and K2^ we 

obtain 

I dx I dsj da fd^ fdrj (dii f ds' f da' f i^' f drj' jdii 
^ ZT!, J Jo Jo J J Js^ Jo Jo J J Js^ 



^2 ■' '2' 



5^e^l"l'^^7^,o(r7)^^,o(V) e^l™l"^^7^,o(0fa(^') (8-2) 

n m 

Taking into account formula (16.21) we compute the sum over n, m 



wjumo 



£ ||2 



t rt rs rs' 




JO JO JO 



(277^ / rfx I dsl ds' I da I da'e^^(^'-*)e*A("'-") Idu ldu'e~^^^-^'> 



S2 J 52 



^d$, I di'j dri j dri' rj, r]', s, s', a, a'; a;)e^®*'(^'^'"'"''^)e-^®'='(^''^''^''"''^) (8.3) 



where 



^'{^, V, 1', s, s', a, a'; x) = e 
y(r7MV)V^(OnOC(s'-.)/e(r7, V)C{.'-.)/e(^,0/(^ + cj^ + sri)fix + a' ^' + s' r,' 

I 

s, a, ii) =Vq^- (ail- nai) +Vor}- (sii- TkCbk) I 
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Let us consider the oscillatory integrals in the variables rj, 77' in formula (18. 3p . We observe 
that the iV^^rjQfcil doesn't vanish for u G S'^. In fact one has 

I V^,r,0fc«r = {'"oW'^ - + Vq\su - Tfeafep) > mill {v^lau - Tiail"^ + vl\su - rfea^p) 

= min < min [vl\au — TiCLif + Vq\su — rfca^p) , min [vl\au — r/az|^ + Vq\su — rfca^p) > 

> min < min (vnlsii — TfcafcP), min (vnlcru — r^a/P) > 

> min jw^r^ sin^ Oq, vlrf sin^ } > ^^o^^ sin^ 9q = (8.6) 

where in the last step we have used (17. 9p . Hence we can estimate the integrals in the variables 
^,^',77,77' exploiting a non-stationary phase argument. With a repeated application of the 
identity (I7.10p and using (18. 6p we have 



< 



j d^'j drj J drj' A^{^, rj, rj', s, s', a, a'; x)e' 

f^'^ f f f f II 

— Yl drj' DfW^WfD^^A%C I', V, V, s, s', a, a'; x] 

r^l ^1 ^ ^ ^ 



|nii| + im2i=rf 
\m[\ + \m'^\=d 



(8.7) 

for any integer d > 0. The next step is to estimate the derivatives of A^. Proceeding as in the 
previous section we obtain 



/ d^' dr} dr)' A^(^, 77, 77', s, s , a, cr'; x)e 




';eki{i,v,s,a,u) ^-^e^iii' ,V' ,s' ,a' ,u) 



l,\l\<d 



l'\V\<d 



dri /rfr7'(r7)^(r7r E 

p,|p|<d P',b'|<a! 

a; + a| + sr7)'^(a^ + a'$! + ^'77)'^ ^ |D|/(a; + a| + 377) | ^ |Z}|'/(a; + a'$,' + s't7) 

g,l9l<d 9Mg'l<<i 



Then, substituting (18. 8p in (18. 3p and using the Schwartz inequality in the integral with respect 
to the variable a?, we have the following estimate of the first term in the r.h.s. of (18. ip 



£||2 ^ ^ .Ad+i ||T/||4 ^2d-2 



1.9) 
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Let us analyze the second term in the r.h.s of fl8.ll) . We write 
From definition fl3.12p and from (14.1 7p we have 

\\jmm-n,k)r = 



2 t s ^ 

^ ^Jo Jo J J Js^\c, 



£2 



(8.11) 



and Ln,rn,Qnm defined by (14.2 ip . (14.231) . The sum over m in (18. lip can be computed as 
follows 

^eil"^l('^-^)(7„,„(r7)(7^,o(^) 

m 



(27r)3 



3 

m 



dy<PJ,y)e-^vri j rf?/' ^ 0„(y)0^(?/')e*^(-~^Vo(2/')e-*^'-^ 



therefore 



(27r)3 e'^^"-=^(0„,e^''-«[/(^)e-^^()0o) (8.12) 



n m m' 

~ (2^0^ 

= Ci,s2,^3(^ (8-13) 

where Si = (a' — s')/e, S2 = {s' — s)/e, S3 = (s — <y)/s. Using (I8.13P we have 

J dxf dsf daf ds'f rfa'ei^"-"')/" dii [ du' e^""^^-^'^-"" 
(2vr)%V Jo io Jo Jo Js^\c, Js^\c, 

■ fd^fdrifd^' fdr)' L'{^,^',ri,'n',s,s',a,a';x) ei0'=«'^'-'-'-)e-tefc«''^'.«''-''-') (8.14) 
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where 

L'{i, i\ T], T]', s, s', a, a'; x) = e^(^+^)-"+*(f ^'+f ^')+*^^-V(aj + a | + s 77) 

.e-(V+4')--{f ^'^+^€'^)-V-€7(^ + ^' + r7')V^(0^(r) V^(r/)^(r7')C...,.3(^', v\ V, 

9fc(^, 77, s, a, ii; x)= Vo {crii - Tkdk) ■ i + VQ{su- ncik) ■ rj (8.15) 

We observe that the |V^,r,6fc| doesn't vanish in S'^\Ck. In fact we have 

|V4,r,0fc| > voTksin6o > vqTi sin 6^0 = A (8.16) 

Hence we can estimate the integrals in the variables ^, 77, rj' exploiting a non-stationary phase 
argument along the same line of the previous case (see (18. 7p . (18. 81) ) and we find 

ll^.^(^)(*o - n,k)r < c, t''^' \\V\\U^ e''-' (8.17) 



' d 



for any integer d > 0. 

Finally we consider the last term in (18.101) . We have 



t s ^ 

\\Jm%,k\\' = ^Yl E/ dsTdaUfdri /rfnL^,^(|,r7,s,a;a;)e^<™(«''''^~) 

^ n Jo J J JCu 



We rewrite the integral in the variables s, cr, ^, 77 in a more convenient form. In particular by 
the change of variables ^ — )■ TZk^, rf — )■ TZkT), ii — )■ TZkii with TZk defined in (13.71) . we obtain 




dsj^ dajd^jdri jdii Ln,rn{t 1, s, a; x) e^^iin^'^'*'-^;^) 

ds[ dafdif ir) fdu Ln,jnk^t T^k^V, s, a; x) ei^l::,iT^i:'^^T^l'n.s,a,u;^) 

Jo J J Jca 




U9) 



where 



{7l^'^^,7l^^r],s,(j; x) 

= e^(''+«)-''>^(f ^^+f «^)+-^•^<^^,^(7^,-lr7)^^,o(7^,-^|)/(^'= + a ^ + . 77) (8.20) 
Qirni.T^k'^^'^k'v,s,a,u;x) 

= -(6 + '73)|afc| +voU- {x^ + + ST]) + {\n\ - \m\)s+ \m\a (8.21) 
and x'^ = TZkX. Moreover we parametrize the unit vector n G Cq as follows 

ii = (^fi, u, - z/2 j , (/i,z/) G Do = {(a,6) G + 6^ < sin^^o} (8.22) 
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Therefore the integral fl8.19p is rewritten as 



t PS 

ds I da I I drj jdii L^,m,(^, ■s, a; x) 

Co 




'0 ~'0 





^0 




ds I da jdi jdr) dfldu Ln,rn{t 1, s, (T, fl, x) el®l:^^^^nm,u;x) 



where 



{^,r],s,a,fi, z/; x) 



{7l^^$,,7l^.^r},s,a;x) 



(8.23) 
(8.24) 



0n,m(^>'^>'S,o-,/i, z/; x) = - (^3 + T^g) | ttfe | + vq fi{x'l + a + s r]i) 



+ voi^ix2 + a^2 + sr]2) + vo^/l-|J,'^-l^'^{x'^ + a^3 + sr]3) + {\n\ - |m|)s+ \m\a (8.25) 
Let us introduce the following linear change of coordinates 

(/i, z/, s) = Ll{zi, Z2, zs) = Liz a = L^p (8.26) 

/i = Zi, V = Z2, S = Tfe H 23 (T = Tfc H p (8.27) 

VoTk Von Vo Vo 

The domain of integration in the variables 2,p is 

A, = {ze M.^p eR \ zl + zl < e~'^vlT^ sin^ 00, -e'^VoTk < z^.p < e~^Vo{t - r^)} (8.28) 
Using (Km) . (Km in fl8A8|) we obtain 



g I / dz dp d$, drj dz' dp / d^' / dr}'Ln,m{$,, ^7, -Z^^^, -Z^eP; x) 



s ||2 



at: 



V V ! dsfdafdijdr) [duL^,rn{tri,s,a;x) eM.z.^-''.^'--^-) 
^ Jo Jo J J JCk 



Ln,mj{i\r}' ,LIz\LIp; x) e 



g-iz rj -ip 



(8.29) 



where 



ezi 



^OTkJ \-VOTk 



ez2 



-{voxl + \ak\^3 + \ak\ri3 + ez^r]^ + ep^^) (8.30) 



B%z,p,Cs,r]3;x) = 

Now we compute the sum over n,m,m' exploiting fl8.12p . f l8.13p and we obtain 



e ||2 



/ dzdp / dz'dpEkiz,p,z',p') (8.31) 
Ja^ Ja^ 



where 



V ^^0 ^^0 / V Vq Vq J 



and 61 = {p' - 4)/^o, &2 = (4 - ^3)/fo, &3 = (^3 - p)/vq. 

It remains to show that the integrals in (18.351) are bounded. Exploiting the identity 



/ = 1,2, 



we can integrate by parts and we have 

{z)\zr{p)\pr\Ek{z.p.z',p')\<cr^^' 

Finally we use the estimate fl8.34p in f lS.SSp and we find 

\\Jl{t)%k\? < ce^ / dzdp / dz'dpEk{z,p,z',p 



< ce^WVWt^,! Idzdz' , Idpdp' , < ce' 



{z^z'Y 



{p)Hp'Y- 



WT 



concluding the proof of the proposition. 
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